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Abstract 
The present paper deals with two reliable efficient methods viz. tanh-sech method and modified Kudryashov method, which are used to 
solve time-fractional nonlinear evolution equation. For delineating the legitimacy of proposed methods, we employ it to the time-fractional 
fifth-order modified Sawada–Kotera equations. As a consequence, we effectively obtained more new exact solutions for time-fractional 
fifth-order modified Sawada–Kotera equation. We have also presented the numerical simulations for time-fractional fifth-order modified 
Sawada–Kotera equation by means of three dimensional plots. 
© 2016 Shanghai Jiaotong University. Published by Elsevier B.V. 
This is an open access article under the CC BY-NC-ND license ( http://creativecommons.org/licenses/by-nc-nd/4.0/ ). 
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(. Introduction 
Fractional calculus is a wide area of mathematics which
ffers derivatives and integrals of arbitrary orders. In the last
ew years, fractional calculus [1,2] has been broadly investi-
ated due to their large functions in mathematics, physics and
ngineering similar to viscoelasticity, signal processing, elec-
romagnetism, fluid mechanics, electrochemistry and so forth.
ractional differential equations are extensively used in mod-
ling of physical phenomena in various fields of science and
ngineering. For this reason, we need to develop new reliable
nd efficient process for the solution of fractional differential
quations. 
We have considered here the time-fractional fifth-order
odified Sawada–Kotera (mS–K) equation [3,4] 
 
α
t u − u x x x x x + 
(
5 u x u xx + 5 uu 2 x + 5 u 2 u xx − u 5 
)
x 
= 0, 
0 < α ≤ 1 , (1.1) ∗ Corresponding author. 
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awada–Kotera (S–K) equation [5–7] 
 
α
t u + 5 u 2 u x + 5 u x u xx + 5 u u x x x + u x x x x x = 0, 0 < α ≤ 1 , 
nd time-fractional fifth-order Kaup–Kupershmidt (K–K) 
quation [8–10] 
 
α
t u + 45 u 2 u x − 15 p u x u xx − 15 u u x x x + u x x x x x = 0, 0 < α ≤
y applying the Miura transformations. The time-fractional
fth-order modified Sawada–Kotera equation has the com-
ined physical nature of both fractional S–K and K–K equa-
ions. 
The present paper is dedicated to build the exact solitary
olutions for time-fractional fifth-order mS–K equation utilis-
ng fairly new techniques, in particular the tanh-sech method
5,11–13] and modified Kudryashov method [14,15] . To the
est of knowledge of authors, no prior exploration work has
een carried out using proposed methods for solving time-
ractional fifth-order modified Sawada–Kotera equation. 
The remainder of this paper is organised as follows: defini-
ions with properties of local fractional calculus [16–18] have
een discussed in Section 2 . We explained the algorithm
f proposed tanh-sech method and Kudryashov method in
ection 3 . In Section 4 , the exact solitary wave solutions for is an open access article under the CC BY-NC-ND license 
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 the time-fractional fifth order mS–K equation are derived. In
Section 5 , the natures of the solutions are examined by means
of numerical simulation. The present paper concluded with
Section 6 . 
2. Local fractional derivative and its properties 
Definition 2.1. Let g(t ) ∈ C α(a, b) . Local fractional derivative
of g(t ) of order α at t = t 0 is defined as [16–18] 
g (α) ( t 0 ) = d 
αg(t ) 
d t α
∣∣∣∣
t= t 0 
= lim 
t→ t 0 
α(g(t ) − g( t 0 )) 
(t − t 0 ) α , (2.1.1)
where α(g(t ) − g( t 0 )) ∼= (1 + α)(g(t ) − g( t 0 )) and 0 <
α ≤ 1 . 
Properties of local fractional derivative [16–19] 
I. If y(t ) = (g ◦ u)(t ) where u(t ) = h(t ) , then we have 
d αy(t ) 
d t α
= g (α) ( h(t ) ) (h (1) (t ) )α, (2.1.2)
when g (α) ( h( t ) ) and h (1) (t ) exist. 
I. If y(t ) = (g ◦ u)(t ) where u(t ) = h(t ) , then we have 
d αy(t ) 
d t α
= g (1) ( h(t ) ) h (α) (t ) , (2.1.3)
when g (1) ( h( t ) ) and h (α) (t ) exist. 
3. Alogorithm of proposed methods 
3.1. Brief description of algorithm for the new proposed 
tanh-sech method 
In this section, the tanh-sech method [5, 11–13] has been
used to find the exact solutions of Eq. (1.1) . The fundamental
steps of the proposed method are illustrated as follows: 
Step 1: We consider the most general form of nonlinear
fractional partial differential equations with two inde-
pendent variables x and t given by 
G (u, u x , u xx , u x x x , ...D αt u , ... ) = 0, 0 < α ≤ 1 (3.1.1)
where G is a polynomial in u(x, t ) . It may be noted that
in Eq. (3.1.1) some nonlinear term with higher order
partial derivatives are included. 
Step 2: Let 
u(x, t ) = (ξ ) , ξ = c 
(
x − v t 
α
(α + 1) 
)
(3.1.2)
be fractional complex transform [20–22] , which can be
used for reducing Eq. (3.1.1) into nonlinear ordinary
differential equation. Here c and v are arbitrary con-
stants. 
By using the chain rule Eq. (2.1.3) [20,21] , we have 
D αu = σ  D αξ, t t ξ t where σt is the fractal indexes [21,22] . Let us assume with-
out loss of generality that σt = k , where k is a arbitrary
constant. 
By applying Eq. (3.1.2) the Eq. (3.1.1) can be written as 
G (, c′ , c 2 ′′ , c 3 ′′′ , ..., −cv′ , ... ) = 0. (3.1.3)
Step 3: By tanh-sech method, the solution of
Eq. (3.1.3) can be written as follows: 
(ξ ) = a 0 + 
n ∑ 
i=1 
a i Y i . (3.1.4)
Using homogenous balancing principle, equating nonlinear
term and highest order derivative term of Eq. (3.1.3) , the
value of n can be determined. 
In this method, we take tanh-sech method, let Y = tanh (ξ ) .
Using chain rule, we obtain the derivatives of (ξ ) ,
which are given as follows: 
d
dξ
→ (1 − Y 2 )d
d Y 
, 
d 2 
d ξ 2 
→ (1 − Y 2 )
(
−2Y d
d Y 
+ (1 − Y 2 )d 2 
d Y 2 
)
. (3.1.5)
Similarly, the higher-order derivatives can be found. 
Step 4: Then by substituting Eq. (3.1.4) into
Eq. (3.1.3) and making use of Eq. (3.1.5) followed
by collecting all terms with the same degree of Y i 
(i = 0, 1 , 2, ... ) together, the Eq. (3.1.3) is transformed
into an another polynomial in Y i (i = 0, 1 , 2, ... ) .
Equating every coefficient of this polynomial to
zero, we will get a set of algebraic equations for a i 
(i = 0, 1 , 2, ..., n) , v and c. 
Step 5: Solving the obtained algebraic systems in Step
4 and in the same time substituting these constants a i 
(i = 0, 1 , 2, ..., n) , v and c into Eq. (3.1.4) , we can get
the explicit solutions of Eq. (3.1.1) immediately. 
.2. Brief description of algorithm for the new proposed 
odified Kudryashov method 
In this section, the modified Kudryashov method
14,15] has been used to find the exact solutions of Eq. (1.1) .
The fundamental steps of the proposed method are illus-
rated as follows: 
Step 1: We consider the most general form of nonlinear
fractional partial differential equations with two inde-
pendent variables x and t given by 
H (u, u x , u xx , u x x x , ...D αt u , ... ) = 0, 0 < α ≤ 1 , (3.2.1)
where H is a polynomial in u(x, t ) . It may be noted that
in Eq. (3.2.1) some nonlinear term with higher order
partial derivatives are included. 
Step 2: Let 
u(x, t ) = (ζ ) , ξ = lx + γ t 
α
(α + 1) . (3.2.2)
S. Saha Ray, S. Sahoo / Journal of Ocean Engineering and Science 1 (2016) 219–225 221 
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t  be fractional complex transform [20–22] , which can be
used for reducing Eq. (3.2.1) into nonlinear ordinary
differential equation. Here l and γ are arbitrary con-
stants. 
By using the chain rule Eq. (2.1.3) [20, 21] , we have 
D αt u = σt ξD αt ζ , 
where σt is the fractal indexes [21,22] . Without loss
of generality, let us assume that σt = k , where k is a
arbitrary constant. 
By applying complex transform of Eq. (3.2.2) , the
Eq. (3.2.1) can be written as 
H (, l ′ , l 2  ′′ , l 3  ′′′ , .., γ ′ , ... ) = 0. (3.2.3) 
Step 3: Using modified Kudryashov method, the solution
of Eq. (3.2.3) can be written as follows: 
(ζ ) = 
m ∑ 
j=0 
b i Q i (ζ ) . (3.2.4) 
where b i ( j = 0, 1 , 2, ..., m) are arbitrary constants to
be determined later, such that b m 	 = 0, while Q(ζ ) has
the following form 
Q(ζ ) = 1 
1 ± a ζ . (3.2.5) 
The Q(ζ ) in Eq. (3.2.5) satisfies the following first order
differential equation, which is given as 
Q ζ (ζ ) = Q(ζ ) ( Q(ζ ) − 1 ) ln a (3.2.6) 
Step 4: In proposed modified Kudryashov method, we sub-
stitute  = ζ−p in all terms of Eq. (3.2.3) for determin-
ing the highest order singularity. Then the degree of
all terms of Eq. (3.2.3) has been taken into study and
consequently the two or more terms of lower degree
are chosen. The maximum value of p is known as the
pole and it is denoted as m. If m is an integer then the
method only can be implemented and otherwise if m is
a noninteger, the above Eq. (3.2.3) may be transferred
and the above procedure is to be repeated. 
Step 5: The required number of derivatives of (ζ ) with
respect to ζ can be calculated by using any mathemat-
ical software. 
Step 6: Then by substituting Eq. (3.2.4) into Eq. (3.2.3) ,
in case of proposed modified Kudryashov method, the
Eq. (3.2.3) can be written in the following form: 
[ Q(ζ ) ] = 0, (3.2.7) 
where [ Q(ζ ) ] is polynomial in Q(ζ ) . Then by col-
lecting all terms with the same degree of Q(ζ ) to-
gether and equating every coefficient of this polynomial
to zero, we will get a set of algebraic equations for b i 
(i = 0, 1 , 2, ..., m) , l and γ . 
Step 7: Solving the obtained algebraic systems in Step 6
and consequently substituting these constants b i (i =
0, 1 , 2, ..., m) , l and γ into resulting equation system,we can get the explicit solutions of Eq. (3.2.1) immedi-
ately. The obtain solutions may involve the symmetrical
hyperbolic Fibonacci functions [23,24] . We have used
following symmetrical Fibonacci cosine, sine, tangent 
and cotangent, which are listed below: 
sF s(ζ ) = a 
ζ − a −ζ√ 
5 
, cF s(ζ ) = a 
ζ + a −ζ√ 
5 
, 
tan F s(ζ ) = a 
ζ − a −ζ
a ζ + a −ζ , cot F s(ζ ) = 
a ζ + a −ζ
a ζ − a −ζ . 
. Application of proposed methods for the exact solitary 
ave solutions of time-fractional fifth order mS–K equation
In the present analysis, we have applied tanh-sech method
nd modified Kudryshov method for getting the exact travel-
ing wave solutions for time-fractional fifth order mS–K equa-
ion. 
.1. Application of proposed tanh-sech method for the exact 
olitary wave solutions of time-fractional fifth order mS–K 
quation 
This section represents the implementation of tanh-sech
ethod for finding the exact solutions of Eq. (1.1) . 
With the aid of fractional complex transform ( 3.1.2 ),
q. (1.1) may also be written as following ODE form: 
v′ (ξ ) − c 4 V (ξ ) + 5 c 3 (′′ (ξ ) 2 + ′ (ξ )′′′ (ξ ) )
+ 5 c 3 (′ (ξ ) 3 + 2(ξ )′ (ξ )′′ (ξ ) )+ 5 c 2 ((ξ ) 2 ′′′ (ξ ) 
+ 2(ξ )′ (ξ )′′ (ξ ) )− 5′ (ξ ) 4 (ξ ) = 0 (4.1.1) 
Again by integrating Eq. (4.1.1) once with respect to ξ ,
e have 
v(ξ ) − c 4 IV (ξ ) + 5 c 3 ′ (ξ )′′ (ξ ) + 5 c 2 (ξ )′ (ξ ) 2 
+ 5 c 2 (ξ ) 2 ′′ (ξ ) − 5 (ξ ) = 0 (4.1.2) 
Then from Eq. (4.1.2) , the integer value of n can be deter-
ined by balancing the highest order derivative that is IV (ξ )
nd nonlinear term that is (ξ ) 2 ′′ (ξ ) . Here for this problem
 = 1 . 
Now by using Eq. (3.1.4) , we have the following ansatz: 
(ξ ) = a 0 + a 1 Y (4.1.3) 
From Eq. (3.1.5) , we have 
d
dξ
→ a 1 
(
1 − Y 2 ), 
d 2 
d ξ 2 
→ −2 a 1 Y 
(
1 − Y 2 ), 
d 4 
d ξ 4 
→ −8 a 1 Y 
(
1 − Y 2 )(3 Y 2 − 2 ), (4.1.4) 
Then by substituting these derivatives in of Eq. (4.1.4) to-
ether with Eq. (4.1.3) into Eq. (4.1.2) and then collecting all
erms with the same degree of Y i (i = 0, 1 , 2, ... ) together, we
222 S. Saha Ray, S. Sahoo / Journal of Ocean Engineering and Science 1 (2016) 219–225 
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Kwill get a set of algebraic equations for a i (i = 0, 1 , 2, ..., n) ,
v and c. 
Coefficient of Y 0 : −v a 0 − a 5 0 + 5 c 2 a 0 a 2 1 = 0, 
Coefficient of Y 1 : −16 c 4 a 1 − v a 1 − 10 c 2 a 2 0 a 1 + 5 a 4 0 a 1 
− 10 c 3 a 2 1 + 5 c 2 a 3 1 = 0, 
Coefficient of Y 2 : −30 c 2 a 0 a 2 1 − 10a 3 0 a 2 1 = 0, 
Coefficient of Y 3 : 40 c 4 a 1 + 10 c 2 a 2 0 a 1 + 20 c 3 a 2 1 − 20 c 2 a 3 1 
− 10a 2 0 a 3 1 = 0, 
Coefficient of Y 4 : 25 c 2 a 0 a 2 1 − 5 a 0 a 4 1 = 0, 
Coefficient of Y 5 : −24 c 4 a 1 − 10 c 3 a 2 1 + 15 c 2 a 3 1 − a 5 1 = 0, 
(4.1.5)
Solving the obtained algebraic systems obtained in
Eq. (4.1.5) , we have the following sets of solutions for
Eq. (4.1.3) presented below: 
Case 1: 
c = c, v = −c 4 , a 0 = 0, a 1 = −c. 
We have the following exact solution for case 1: 
11 = −c tanh (ξ ) , (4.1.6)
where ξ = c( x + c 4 t α
(α+1) ) . 
Case 2: 
c = c, v = −16 c 4 , a 0 = 0, a 1 = 2c. 
We have the following exact solution for case 2: 
21 = 2c tanh (ξ ) , (4.1.7)
where ξ = c( x − 16 c 4 t α
(α+1) ) . 
4.2. Application of proposed modified Kudryshov method for 
the exact solitary wave solutions of time-fractional fifth 
order mS–K equation 
The present analysis, we have applied modified Kudryshov
method for getting the exact travelling wave solutions for
time-fractional fifth order mS–K equation. 
With the help of the fractional complex transform ( 3.2.2 ),
Eq. (1.1) may also be written as following ODE form: 
γ ′ (ζ ) + l 5 V (ζ ) + 5 l 4 ( ′′ (ζ ) 2 +  ′ (ζ ) ′′′ (ζ ) )
+ 5 l 3 ( ′ (ζ ) 3 + 2(ζ ) ′ (ζ ) ′′ (ζ ) )+ 5 l 3 ((ζ ) 2  ′′′ (ζ ) 
+ 2(ζ ) ′ (ζ ) ′′ (ζ ) )− 5 l ′ (ζ ) 4 (ζ ) = 0 (4.2.1)
By integrating Eq. (4.2.1) once with respect to ζ , we
have 
γ(ζ ) − l 4 IV (ζ ) + 5 l 3  ′ (ζ ) ′′ (ζ ) + 5 l 2 (ζ ) ′ (ζ ) 2 
+5 l 2 (ζ ) 2  ′′ (ζ ) − 5 (ζ ) = 0 (4.2.2)
Then from Eq. (4.2.2) , the integer value of m can be deter-
mined by balancing the highest order derivative that is IV (ζ )
and nonlinear term that is (ζ ) 2  ′′ (ζ ) . Here for this problem
m = 1 . 
Now by using Eq. (3.2.4) , we have the following ansatz: 
(ζ ) = b 0 + b 1 Q(ζ ) , (4.2.3)
where b and b should be determined later. 0 1 Then by substituting the derivatives of function (ζ ) with
espect to ζ into Eq. (4.2.2) together with Eq. (4.2.3) , we
btain a system of algebraic equations, which are given as
ollows: 
oefficient of Q 0 : γ b 0 + lb 5 0 = 0, 
Coefficient of Q 1 : 5 lb 4 0 b + γ a 1 + 5 l 3 b 2 0 b 1 log 2 a − l 5 b 1 log 4 a 
= 0, 
Coefficient of Q 2 : 10l b 3 0 b 2 1 − 15 l 3 b 2 0 b 1 log 2 a + 15 l 3 b 2 1 b 0 log 2 a 
− 5 l 4 b 2 1 log 3 a + 15 l 5 b 1 log 4 a = 0, 
Coefficient of Q 3 : −10lb 2 0 b 3 1 + 10 l 3 b 2 0 b 1 log 2 a − 40 l 3 b 2 1 b 0 
log 2 a + 10 l 3 b 3 1 log 2 a + 20 l 4 b 2 1 log 3 a 
−50 l 5 b 1 log 4 a = 0, 
Coefficient of Q 4 : −5 l b 0 b 4 1 + 25 l 3 b 2 1 b 0 log 2 a − 25 l 3 b 3 1 log 2 a 
− 25 l 4 b 2 1 log 3 a + 60 l 5 b 1 log 4 a = 0, 
Coefficient of Q 5 : −l 4 b 5 1 + 15 l 3 b 3 1 log 2 a + 10 l 4 b 2 1 log 3 a 
− 24 l 5 a 1 log 4 a = 0, (4.2.4)
Solving the above system, we obtain the following two
amilies of solutions, which are described as follows: 
Case 1: 
γ = 1 
16 
l 5 log 4 a, a 0 = −1 2 l log a, a 1 = l log a. 
We have the following exact solution for case 1: 
11 = l log a 
(
−1 + 1 − tan F s ( ζ/ 2 ) 
2 
)
, (4.2.5)
12 = l log a 
(
−1 + 1 − cot F s ( ζ/ 2 ) 
2 
)
. (4.2.6)
where ζ = lx + l 5 log 4 a t α16(α+1) . 
Case 2: 
γ = 1 
16 
l 5 log 4 a, a 0 = l log a, a 1 = −2l log a. 
21 = −l log a tan F s ( ζ/ 2 ) , (4.2.7)
12 = −l log a cot F s ( ζ/ 2 ) . (4.2.8)
where ζ = lx + l 5 log 4 a t α16(α+1) 
. The numerical simulations for solutions of 
ime-fractional fifth order mS–K equations 
The present section involves the numerical simulation of
S–K equation by using the solutions obtained by two reli-
ble and efficient methods viz. tanh-sech method and modified
udryashov method. 
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Fig. 1. The 3-D solitary wave solution graph obtained by using the tanh-sech 
method for u(x, t ) appearing in Eq. (4.1.6) for Case 1, when c = 0. 75 and 
α = 0. 25 . 
Fig. 2. The 3-D solitary wave solution graph obtained by using the tanh-sech 
method for u(x, t ) appearing in Eq. (4.1.6) for Case 1, when c = 0. 75 and 
α = 0. 75 . 
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Fig. 3. The 3-D solitary wave solution graph obtained by using the tanh- 
sech method for u(x, t ) obtained in Eq. (4.1.7) for Case 2 , when c = 0. 5 
and α = 25 . 
Fig. 4. The 3-D solitary wave solution graph obtained by using the tanh- 
sech method for u(x, t ) obtained in Eq. (4.1.7) for Case 2 , when c = 0. 5 
and α = 0. 75 . 
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m  .1. The numerical simulations for presenting the nature of 
he solutions of fractional fifth order mS–K equations by 
tilizing tanh-sech method 
In the present analysis, we have drawn the three dimen-
ional solitary wave solutions graphs which explain the phys-
cal meaning of each solution of governing mS–K equation
y utilizing Eqs. (4.1.6) and (4.1.7) . 
Case 1: 
I) For α = 0. 25 (Fractional order) 
II) For α = 0. 75 (Fractional order) 
Case 2: 
III) For α = 0. 25 (Fractional order) 
IV) For α = 0. 75 (Fractional order) .2. The numerical simulations for solutions of 
ime-fractional fifth order mS–K equations by using modified 
udryashov method 
In the present analysis, we have drawn the three dimen-
ional solitary wave solutions graphs which explain the phys-
cal meaning of each solution of governing mS–K equation
y utilizing Eqs. (4.2.5) and ( 4.2.7 ). 
Case 1: 
V) For α = 0. 75 (Fractional order) 
VI) For α = 1 (Classical order) 
Case 2: 
VII) For α = 0. 75 (Fractional order) 
VIII) For α = 1 (Classical order) 
In the present section, some solutions graphs for fractional
S–K have been presented for visualizing the underlying
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Fig. 5. The 3-D solitary wave solution graph obtained by using the modified 
Kudryashov method for u(x, t ) obtained in Eq. (4.2.5) for Case 1, when 
l = 0. 5 , a = 10 and α = 0. 75 . 
Fig. 6. The3-D solitary wave solution graph obtained by using the modified 
Kudryashov method for u(x, t ) obtained in Eq. (4.2.5) for Case 1, when 
l = 0. 5 , a = 10 and α = 1 . 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 7. The 3-D solitary wave solution graph obtained by using the modified 
Kudryashov method for u(x, t ) obtained in E eq. (4.2.7) for Case 2, when 
l = 0. 5 , a = 10 and α = 0. 75 . 
Fig. 8. The3-D solitary wave solution graph obtained by using the modified 
Kudryashov method for u(x, t ) obtained in Eq. (4.2.7) for Case 2, when 
l = 0. 5 , a = 10 and α = 1 . 
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dmechanism of the governing equation. Figs. 1 –8 demonstrate
a great impact on concerning the exchange of amplitude and
nature of the soliton because of the variant of the fractional
order. The present 3D graphs describe the behaviour of u(x, t )
in space and time in case of fractional order system. The be-
haviour represents that increase of the fractional parameter
changes the wave nature of the solitary wave solution. 
6. Conclusion 
In this article, we have utilized the tanh-sech method and
modified Kudryashov method to solve a fractional nonlinear
evolution equation conveniently. As a consequence, two new
hyperbolic solutions by using tanh-sech method and four new
generalized Fibonacci hyperbolic solutions by using modified
Kudryashov method for the time-fractional fifth order mS–Kquation have been effectively found. In order to make conve-
ient implementation of new proposed tanh-sech and modified
udryashov methods, the fractional complex transform has
een effectively used here for converting the time-fractional
S–K equations to corresponding ordinary differential equa-
ions. By using the obtained solutions, we have drawn the
D graphs, which give the nature of the solutions as soli-
ary wave. The execution of proposed approaches are reliable
nd provide the certain new solitary wave solutions. Although
oth methods are clearly avoids unrealistic assumptions, lin-
arization, but the modified Kudryashov method gives more
xact solutions of the discussed nonlinear mS–K equation and
or this reason it presents effective approach to fractional or-
er mS–K equation. 
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